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%hide
import scipy,scipy.fftpack
from numpy import * 

       

The following utility function generates arrays consisting of sequences of integers between lo and hi, spaced by

step apart.

def arange(lo,hi,step=1):
    return array(range(lo,hi,step),dtype=int) 

       

Let's generate a signal of 630 samples consisting of two sine waves, one of wavelength 7 and another of

wavelength 30. 

Note that the frequencies of these are 90 and 21, respectively. 

A couple of comments:

You need to understand the relationship between wavelength and frequency for sine waves.

The term "sine wave" always refers to a periodic or infinite sine wave, not to a single cycle of a sine wave.

These examples are carefully picked so that the wavelengths divide the total number of samples; this is

needed so that the signals are periodic.  If you pick a different wavelength (e.g., 31), the period signal

glues the sample at 629 to the sample at 0, resulting in a jump; this will show up as extra energy in the
Fourier spectrum.  If you want to do reasonable analysis of non-periodic signals, you need a windowing

function.

x = arange(0,630)
signal = sin(x*(2*pi/7.0)) + sin(x*(2*pi/30.0))
list_plot(signal,1) 



       

That looks pretty messy, but a Fourier transform can separate the two components again.

signal_fft = abs(scipy.fftpack.fft(signal))
list_plot(signal_fft,1) 

       

Let's actually locate the peaks in the Fourier transform.



arange(0,630)[signal_fft>200] 

       array([ 21,  90, 540, 609])

So, this is where the peaks should occur: at frequencies 21 and 90.  The 540 and 609 are 630-90 and 630-21,
respectively.  This is the standard packing for discrete Fourier transforms: the positive frequency components are

stored in locations 0...N/2, and in locations N/2...N, we have the negative components.

Let's now do the subsampling.  We first generate a list of sample points and then use it to index the original
signal.

samples = arange(0,630,10)
subsampled = signal[samples]
list_plot(subsampled,1) 

       

This again looks rather messy, and also a bit odd.

Let's do a Fourier transform to look at the frequency components.

subsampled_fft = abs(scipy.fftpack.fft(subsampled))
list_plot(subsampled_fft,1) 



       

arange(0,63)[subsampled_fft>20] 

       array([21, 27, 36, 42])

What we see here is that the frequency component f=21 hasn't moved, but the frequency component that was
originally at f=90 is now found at f=27 (i.e., 90-63).  That is aliasing: after subsampling, f=27 contains both the

components f=27 and f=90.

To get rid of aliasing, we have to remove the high frequency components first.  Let's do that with a Fourier
transform:

transformed = scipy.fftpack.fft(signal) 

       

Now, in order to get a perfect lowpass filter, we simply set all frequency components with values at or above

some limiting frequency to zero.  The limiting frequency should be 63/2.  Because of the way Fourier coefficients

are represented, the high frequency components are in the middle of the array, and Python's indexing notation

lets us then write the ideal lowpass filter simply as:

transformed[31:-31] = 0 

       

Now we only need to transform back.

filtered = scipy.fftpack.fft(transformed)
list_plot(filtered,1) 



       

This looks like a simple sine wave, so the low pass filtering has worked: the high frequency components are
gone.

Let's do the subsampling now and then look at the frequency components of the result.

samples = array(10*arange(0,63),dtype=int)
filtered_subsampled = filtered[samples]
list_plot(filtered_subsampled,1) 



       

Now, we perform the Fourier transform again and look at what frequencies are still present.

filtered_subsampled_fft = 
abs(scipy.fftpack.fft(filtered_subsampled))
list_plot(filtered_subsampled_fft,1) 

       

arange(0,63)[filtered_subsampled_fft>20] 



       array([21, 42])

Success!  The only frequency components that are left are those at f=21; the aliased component at f=27 is gone.

 

       

 

                 


